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Abstract
We present a canonical formalism of the f(R)-type gravity using the Lie deriva-
tives instead of the time derivatives by refining the formalism of our group. The
previous formalism is a direct generalization of the Ostrogradski’s formalism.
However the use of the Lie derivatives was not sufficient in that Lie derivatives
and time derivatives are used in a mixed way, so that the expressions are some-
what complicated. In this paper, we use the Lie derivatives and foliation structure
of the spacetime thoroughly, which makes the procedure and the expressions far
more concise.
PACS numbers: 04.20.Fy, 04.50.Kd, 98.80.-k
1 Introduction
The f(R)-type gravity is one of the generalized gravities and since its use by Caroll et al.[1]
to explain the discovered accelerated expansion of the universe [2, 3, 4, 5, 6, 7, 8, 9, 10,
11, 12, 13], the theory confronted with observations and has been attracting much attention
and its various aspects and applications have been investigated [14, 15, 16, 17, 18, 19].
Before that the generalized gravity theories have mainly been interested in because of their
theoretical advantages. Main advantageous points are : (i) The theory of gravitons can be
renormalizable contrary to the Einstein gravity[20, 21]. (ii) It might be possible to avoid the
initial singularity of the universe [22, 23] proved by Hawking[24]. (iii) The inflation of the
universe at early stage could be explained without introducing an ad hoc scalar field[25].
However, the canonical formalism of the f(R)-type gravity had not been so systematic
since it is a somewhat complicated higher derivative theory. So in the previous paper[26], our
group proposed a formalism by directly generalizing the canonical formalism of Ostrogradski[27]
by using the Lie derivatives instead of the time derivatives. The generalization is necessary
since the scalar curvature R depends on the time derivatives of the lapse function and shift
vector. So, if the Ostrogradski’s formalism is directly applied, these variables have to obey
field equations. Then only the solutions to these equations are allowed. This, however, is
in conflict with general covariance since a set of these variables specify a coordinate frame,
so should be taken arbitrarily. One of the ways to resolve this problem had been given by
Buchbinder and Lyakhovich(BL method)[28, 29] which is sometimes referred to as the gen-
eralization of the Ostrogradski’s one[30]. However, BL method has an undesirable property
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that, when the generalized coordinates are transformed, the Hamiltonian is also transformed
[26].
The formalism in [26] remedied the undesirable property of the BL method due to the
direct generalization of the Ostrogradski’s one. However the Lie derivatives and time deriva-
tives are used in a mixed way, so some expressions are complex. Here all the time derivatives
are replaced by the Lie derivatives, which makes the procedure more transparent and the
resulting expressions far more concise. We also note that, while the time derivatives depend
on the coordinate frame so that the differentiated quantities are not tensors generally, Lie
derivatives preserve the tensorial property, so would be favorable derivatives for relativistic
treatment. Furthermore, in ADM formalism[31], which we use here, foliations of the d-
dimensional spacelike hypersurfaces are connected by a one-parameter mapping, so that Lie
derivatives are natural to express the rate of changes and in the definition of the Hamiltonian
density.
Finally, we note that surface term, Gibbons-Hawking[32, 33] term, which is necessary
in Einstein gravity for the variational principle to be consistent, is not necessary in the
f(R)-type gravity[34].
In section 2, we review the canonical formalism of Ostrogradski to help seeing that our
method is a direct generalization of the Ostrogradski’ formalism. In section 3, we present our
formalism. In section 4, we show the invariance of our Hamiltonian under the transformation
of the generalized coordinates. Section 5 is devoted to the summary and discussions.
2 Review of the Ostrogradski’s canonical formalism
In this section, we review the canonical formalism of Ostrogradski which is the generalization
of the formalism for usual systems to the system described by the Lagrangian with higher
order time derivatives.2 We also expect that this section would be helpful in seeing that our
formalism given in the next section is a direct generalization of the Ostrogradski’s one.
Let us consider a system with N degrees of freedom, the generalized coordinates of which
will be denoted as qi, (i = 1, 2, · · · , N). Its Lagrangian L is assumed to be dependent on
these generalized coordinates and their time derivatives up to n-th order. The N(n + 1)
dimensional space, which will be called as velocity phase space, has coordinates which are
the arguments of the Lagrangian:
Dsqi (s = 0, 1, . . . , n; i = 1, · · · , N), (2.1)
where D ≡ d
dt
, i.e., the Lagrangian is assumed to be defined in the velocity phase space[35];
L = L(qi, q˙i, . . . , qi(n)) ≡ L(Dsqi). (2.2)
It is possible to generalize further that n is different for different i, but we do not think of this
possibility for simplicity. Transition to the canonical formalism is given by the Ostrogradski
mapping, which might be seen as the straightforward generalization of the Legendre mapping
for systems with n = 1.
2This section is essentially the first half of [26] which in turn depends heavily on a book by Kimura T.
and Sugano R.[35]
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Take the following variation of the action S:
δS ≡
∫ t2+δt2
t1+δt1
L(qi + δqi, . . . , qi(n) + δqi(n))dt−
∫ t2
t1
L(qi, . . . , qi(n))dt (2.3)
where
δqi ≡ (q + δq)i(t+ δt)− qi(t) ≈ δ∗qi + q˙iδt with δ∗qi ≡ (q + δq)i(t)− qi(t), (2.4)
i.e., δ∗qi is equal to the variation used in the variational principle. Then we have
δS =
[
Lδt
]t2
t1
+ δ∗S, (2.5)
where we used the approximation∫ tk+δtk
tk
L(qi, . . . , qi(n))dt = L
(
q1(tk), . . . , q
i(n)(tk)
)
δtk, (k = 1, 2). (2.6)
In δ∗S, the effects of the variation of the time δt are assumed to be negligible, so δ∗S reduces
to the variation taken in the variational principle and is expressed as
δ∗S =
∫ t2
t1
δ∗Ldt =
[
δF
]t2
t1
+ δ˜S. (2.7)
By arranging the sum in δ∗S, we have
δF =
N∑
i=1
[
n−1∑
s=0
{
n∑
r=s+1
(−1)r−s−1Dr−s−1
( ∂L
∂(Drqi)
)}
δ∗qi(s)
]
(2.8)
and
δ˜S =
N∑
i=1
∫ t2
t1
n∑
s=0
(−1)sDs
( ∂L
∂(Dsqi)
)
δ∗qidt. (2.9)
Thus we have
δS =
[
Lδt + δF
]t2
t1
+ δ˜S, (2.10)
where in the first term on the right hand side, δ∗qi is written by δqi and δt given in (2.4).
The generalized coordinates of the phase space (often referred to as the new generalized
coordinates for s ≥ 1) qis are taken as
qis ≡ Dsqi, (i = 1, · · · , N ; s = 0, · · · , n− 1), (2.11)
and the momenta canonically conjugate to these coordinates, psi , are defined to be the coef-
ficients of δDsqi = δqis in δF :
psi ≡
n∑
r=s+1
[
(−1)r−s−1Dr−s−1
(
∂L
∂Drqi
)]
. (2.12)
The Hamiltonian, H , is defined as (−1)×(the coefficient of δt) in Lδt + δF :
H =
N∑
i=1
n−1∑
s=0
psiDq
i
s − L. (2.13)
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Note that for s = n− 1, eq. (2.12) has simple expressions:
pn−1i =
∂L
∂q˙in−1
. (2.14)
Thus, it is easily seen that the Ostrogradski mapping
(qi, q˙i, · · · , qi(n);L)→ (qi, · · · , qi(n−1); p0i , · · · , pn−1i ;H) (2.15)
is a generalization of the Legendre mapping. It is noted that the Hamiltonian is invariant
under the transformation of generalized coordinates ; qi → q′i.
3 Canonical formalism of f(R)-type gravity
In this section, we present a canonical formalism of (1 + d)-dimensional f(R)-type gravity
by refining the formalism proposed in [26] which is a direct generalization of Ostrogradski’s
formalism. As the variables for gravity, we adopt the ADM variables[31], i.e., the metric hij
of the d-dimensional hypersurface Σt which has the normal vector field n
µ = N−1(1,−N i),
N , the lapse function and N i, the shift vector. That is, we regard the spacetime to have the
foliation structure[36]. Then the scalar curvature R is expressed in terms of these variables
as
R = hijL 2nhij +
1
4
(
hijLnhij
)2 − 3
4
hikhjlLnhijLnhkl + dR− 2∆(lnN). (3.1)
Ln represents the Lie derivative along the normal vector field nµ. dR is the scalar curvature
of Σt. It is noted that R does not depend on LnN and LnN i.
3.1 Variation of the action of the f(R)-type gravity
Lagrangian density of the f(R)-type gravity, LG, is taken as
LG =
√−gf(R), (3.2)
where g ≡ det gµν . Then the Lagrangian LG(Σt) and the action S are expressed as follows:
LG(Σt) =
∫
Σt
LG ddx, S =
∫ t2
t1
LG(Σt) dt =
∫ t2
t1
dt
∫
Σt
ddxLG. (3.3)
From (3.1) and (3.3), LG depends on the ADM variables in the following way:
LG = LG(N, hij,Lnhij,L 2nhij). (3.4)
It is noted that Lnhij is related to the extrinsic curvature Kij of Σt as
Kij =
1
2
Lnhij = 1
2N
(∂0hij −Ni;j −Nj;i), (3.5)
where a semicolon denotes the covariant derivative with respect to the metric hij.
Now we consider the following variation of the action
δS ≡
∫ t2+δt2
t1+δt1
dt
∫
Σt
ddx(LG + δLG)−
∫ t2
t1
dt
∫
Σt
ddxLG
=
∫ t2+δt2
t2
dt
∫
Σt
ddxLG −
∫ t1+δt1
t1
dt
∫
Σt
ddxLG +
∫ t2
t1
dt
∫
Σt
ddx δLG
(3.6)
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where
δLG ≡ δLG
δN
δN +
δLG
δhij
δhij +
∂LG
∂(Lnhij)
δ(Lnhij) + ∂LG
∂(L 2n hij)
δ(L 2nhij). (3.7)
Here the first two terms on the right-hand side are not the partial derivatives but the func-
tional derivatives since the scalar curvature R depends on the derivatives of N and hij in
∆(lnN) and dR as seen in (3.1). Since the correspondence of points on each Σt are made
by one-parameter transformation, derivative with respect to t is given by the Lie derivatives
along the timelike curves, Lt e.g.,:
hij(x, t+ dt) = hij(x, t) + Lthij dt, (3.8)
to the first order in dt. So variations of gravitational variables are as follows: δhij ≡ (hij + δhij)(t + δt)− hij(t) = δ
∗hij(t) + Lthij(t) δt
δN ≡ (N + δN)(t+ δt)−N(t) = δ∗N(t) + LtN(t) δt
(3.9)
where we note that δ∗ variations are those given in (2.4). When we use (3.7) in (3.6), “partial
integrationsh have to be done for terms including Lnδhij and L 2n δhij . This is done by using
a relation for a scalar field Φ and tensor fields T ij and Sij: Ln(
√
hNΦ) = Ln(
√
hN) Φ +
√
hNLnΦ = ∂µ(nµ
√
hNΦ),
Ln(
√
hNT ijSij) = ∂µ(n
µ
√
hNT ijSij).
(3.10)
Then we have
δLG = δLG
δN
δN +
[
δLG
δhij
−Ln
( ∂LG
∂(Lnhij)
)
+ L2n
( ∂LG
∂(L2nhij)
)]
δhij
+∂µ
[
nµ
{( ∂LG
∂(Lnhij)
− Ln
( ∂LG
∂(L2nhij)
)
δhij +
∂LG
∂(L2nhij)
δ(Lnhij)
}]
.
(3.11)
On the right hand side of the second line of (3.6), the first two terms are approximated as[
LG(Σt) δt
]t2
t1
, (3.12)
and in the last term, it is assumed that effects of the variation of the time δt can be neglected
as in the Ostrogradski’s formalism, so the δ-variations can be replaced by the δ∗ variations.
The situations are the same for eq. (3.11). Thus the variation of the action δS is expressed
as
δS =
[
LG(Σt)δt
]t2
t1
+ δ˜S
+
∫
Σt
ddx
[
n0
{ ∂LG
∂(Lnhij)
−Ln
( ∂LG
∂(L2nhij)
)}
(δhij − Lthij δt)
+n0
∂LG
∂(L2nhij)
{
δ(Lnhij)− Lt(Lnhij)δt
} ]t2
t1
,
(3.13)
where
δ˜S =
∫ t2
t1
dt
∫
Σt
ddx
[ δLG
δN
δ∗N +
{δLG
δhij
−Ln
( ∂LG
∂(Lnhij
)
+ L2n
( ∂LG
∂(L2nhij)
)}
δ∗hij
]
. (3.14)
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3.2 Ostrogradski mapping
Ostrogradski mapping is defined by defining (i) the generalized coordinates of the phase
space, (ii) momenta canonically conjugate to them which are, of course, the coordinates of
the phase space and the (iii) Hamiltonian density. These are defined as follows:
3.2.1 Generalized coordinates
As the generalized coordinates of the phase space, we take the components of the d-dimensional
metric, hij , which will be referred to as original generalized coordinates and those corre-
sponding to D(1)qi, as in [28, 29], (a half of) the Lie derivatives of the original generalized
coordinates which is equal to the extrinsic curvature Kij , eq. (3.5), and will be referred to
as new generalized coordinates and will be denoted by Qij .
3.2.2 Conjugate momenta
Momenta canonically conjugate to the original and new generalized coordinates, denoted as
pij and P ij respectively, are defined to be the coefficient of their variations in the total time
derivative terms in (3.13) and are expressed as follows:
pij = n0
[ ∂LG
∂(Lnhij)
−Ln
( ∂LG
∂(L2nhij)
)]
, P ij = 2n0
∂LG
∂(L2nhij)
. (3.15)
Using (3.1) and (3.2), we have the following concrete expressions p
ij = −
√
h [Lnf ′(R)hij + f ′(R)Qij ] ,
P ij = 2
√
hf ′(R)hij,
(3.16)
where, of course, Lnf ′(R) is also expressed as f ′′(R)LnR. Decomposing a tensor T ij into
traceless and trace parts, T †ij and T respectively, as T ij = T †ij +
1
d
hijT , we see from (3.16)
that P ij has only the trace part P ≡ hijP ij = 2d
√
hf ′(R). Solving for R, we have
R = f
′−1(P/2d
√
h) ≡ ψ(P/2d
√
h). (3.17)
In other words, we have constraints P †ij = 0, so only new independent canonical pair is
(Q,
P
d
) ≡ (Q,Π), i.e. Π ≡ P
d
. (3.18)
.
3.2.3 Hamiltonian density
Hamiltonian density, HG(x, t), is defined as the coefficient of (−1)×δt in the time boundary
terms of (3.13):
HG = pijLthij + P ijLtQij −LG. (3.19)
Concrete expression is also given from eqs. (3.1) and (3.2) as follows:
HG = NH0 +N iHi + total derivatives, (3.20)
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where, after a canonical transformation (Q,Π) → (Q¯, Π¯) ≡ (Π,−Q), H0 and Hi are ex-
pressed as[34]
H0 =
2
Q¯
(
pijpij −
1
d
p2
)
− 2
d
pΠ¯ +
1
2
Q¯ψ(Q¯/2
√
h)− d− 3
2d
Q¯Π¯2 − 1
2
dRQ¯
+∆Q¯−
√
hf
(
ψ(Q¯/2
√
h)
)
Hi = 2
(
p ;jij −
2
d
p;i
)
− Q¯Π¯;i + 2
d
(Q¯Π¯);i .
(3.21)
The total derivatives appear when we make partial integration in doing the process of vari-
ation as usual.
3.2.4 Canonical equations of motion
The canonical equations of motion derived from (3.19) are expressed as[37]
Lthij =
δHG
δpij
, Ltpij = −
δHG
δhij
, (3.22a)
and
LtQij = δHG
δP ij
, LtP ij = −δHG
δQij
. (3.22b)3
Since the f(R)-type gravity is massive, or, the graviton has more than two polarizations[38,
39, 40], we would not modify (3.22a). However, (3.22b) contain dependent variables, we
would extract from them the equations for independent variables (3.18). Since
P ijLtQij = ΠLtQ+ (−2p†ij + 1
d
QΠhij)Lthij , (3.23)
we have
LG = pijLthij +ΠLtQ− H˜G, (3.24)
where
H˜G ≡ HG −N
[ 8
Q¯
(
pijpij − 1
d
p2
)
+
2
d
Q¯Π¯2
]
−N i
[
4p ;jij −
4
d
p;i +
2
d
(Q¯Π¯);i
]
+divergent terms.
(3.25)
Then the equations for independent variables in (3.22b) are as follows:
LtQ =
δH˜G
δΠ
, LtΠ = −
δH˜G
δQ
. (3.26)
We can obtain explicit expressions of these equations by using (3.21). In addition, noting
H˜G as H˜G = NH˜0 +N iH˜i+divergent terms as (3.21), we have
H˜0 = −
6
Q¯
(
pijpij −
1
d
p2
)
− 1
d
(
2pΠ¯ +
d+ 1
2
Q¯Π¯2
)
+
1
2
Q¯ψ(Q¯/2
√
h)− 1
2
dRQ¯
+∆Q¯−
√
hf(ψ(Q¯/2
√
h))
H˜i = −
(
2p ;jij + Q¯Π¯;i
)
.
(3.27)
3Precisely, eqs. (3.22b) are derived by using the Lagrange multiplier method, since they include the
constraint equations.
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4 Invariance of the Hamiltonian
We consider the following transformations of the generalized coordinates hij :
hij → φij ≡ Fij(hkl) or inversely hij ≡ Gij(φkl), (4.1)
and show that the Hamiltonian is invariant under this transformation as in the case of
Ostrogradski formalism. New generalized coordinates Φij are defined as in (3.5), i.e.,
Φij ≡ 1
2
Lnφij . (4.2)
Hamiltonian density H¯G expressed in the transformed variables is defined to be
H¯G ≡ piijLtφij +ΠijLtΦij − L¯G(N, φij,Lnφij,L 2nφij), (4.3)
where piij and Πij are momenta canonically conjugate to φij and Φij , respectively. Since
Lnhij =
∂Gij
∂φkl
Lnφkl, L 2nhij = Ln
(∂Gij
∂φkl
)
Lnφkl +
∂Gij
∂φkl
L 2nφkl, (4.4)
L¯G is defined as
L¯G(N, φij,Lnφij,L 2nhij) ≡ LG
(
N,Gij(φkl),
∂Gij
∂φkl
Lnφkl,Ln
(∂Gij
∂φkl
)
Lnφkl + ∂Gij
∂φkl
L 2nφkl
)
.
(4.5)
piij and Πij satisfy relations similar to (3.15), and from these relations, we have
piij = pkl
∂Gkl
∂φij
, Πij = P kl
∂Gkl
∂φij
, (4.6a)
or inversely
pij = pikl
∂Fkl
∂hij
, P ij = Πkl
∂Fkl
∂hij
. (4.6b)
With help of (4.6a,b), we have
pijLthij = pikl
∂Fkl
∂hij
∂Gij
∂φmn
Ltφmn = piijLtφij. (4.7)
Similar relation holds between P ij and Πij, so we have
HG = H¯G. (4.8)
It is noted that the transformation (4.1) includes the coordinate transformation on Σt.
5 Summary and discussions
We presented a canonical formalism of the f(R)-type gravity by generalizing the Ostrograd-
ski’s formalism. Present formalism refines the previous one by our group which remedied
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the undesirable points of BL method, i.e., the Hamiltonian is not invariant under the trans-
formation of the generalized coordinates, here the metric hij of the hypersurface Σt. In
addition, we derived canonical equations of motion for independent variables Q and Π.
The formalism has an important application to the problem of the equivalence theorem
between the f(R)-type gravity and Einstein gravity coupled to a scalar field, a kind of the
scalar-tensor gravity theories. To prove the theorem, a conformal transformation depending
on the curvature is used. Therefore the transformation is not necessarily restricted to the
canonical one in the phase space. It was in fact shown that it is not the canonical transfor-
mation in that the fundamental Poisson brackets before and after the transformation are not
consistent although the explicit expressions after the transformation are not uniquely deter-
mined by the original ones[41]. Thus if the f(R)-type gravity were quantized canonically,
transformed theory should be quantized noncanonically. This coincides with the result that
noncanonical quantization would stabilize the extra-dimensional space[42, 43, 44, 45].
Present formalism would also be helpful in the investigation of quantum gravity. One
version of the theory is that of gravitons which are thought of as the duality partner of
the gravitational waves which obey the usual wave equation. So it is reasonable that the
theory is the canonical quantum theory. The other version is the quantum cosmology which
is the canonical quantum mechanics of spacetime and the basic equation is the Wheeler-
DeWitt(WDW) equation. However, no dual partner of spacetime is known definitely. Fi-
nally, in order to avoid the probabilistic problem concerning the WDW equation, the third
quantization is investigated[46, 47, 48] which is similar to the quantum field theory of the
metric, if both theories were true ones, since both theories can treat the creation and anni-
hilation of the universe. However, the confrontation with the observation is very difficult.
Therefore we should first establish a reliable theory and then seek the confrontation of the
theory with observations.
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